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ABSTRACT

This paper presents a stochastic target model of speech pro-

duction, where articulator motion in the vocal tract is rep-
resented by the state of a Markov-modulated linear dynam-

ical system, driven by a piecewise-deterministic control tra-

jectory, and observed through a non-linear function repre-
senting the articulatory-acoustic mapping. Optimal �ltering

and smoothing algorithms for estimating the hidden states

of the model from acoustic measurements are derived using a
measure-change technique, and require solution of recursive

integral equations. A sub-optimal approximation is devel-

oped, and illustrated using examples taken from real speech.

1. Introduction

The modelling of temporal and contextual variation observed

in the acoustic signal is a central concern in speech recogni-

tion, and is not handled well by traditional HMM method-
ologies. Since much of the observed variability in speech can

be attributed to articulatory dynamics, it is reasonable to as-

sume that incorporation of an explicit model of articulatory
phenomena should eventually lead to improved performance,

and to a more compact and precise parameterization of many

sources of contextual variation.

In a recent paper [1], we proposed a stochastic target model
of speech production, where articulator motion in the vo-

cal tract is represented by the state of a linear dynamical

system observed through a non-linear function representing
the articulatory-acoustic mapping. The system parameters

are modulated by a Markov chain representing phonologi-

cal sequences, and the system is driven by a control input
consisting of a piecewise-deterministic trajectory modelling

dynamic targets in the articulatory space.

The contribution of the present paper is the derivation of the

optimal non-linear �ltering and smoothing recursions needed
to estimate the hidden states of the model from acoustic

measurements. Results from a full articulatory recognition

task are not yet available, but data-�tting experiments on
cepstral data from real speech are provided to illustrate a

number of phenomena a�ecting performance.

2. Model Formulation

Assume an underlying complete probability space (
;F ; P ).

Let S = fSm : m 2 INg be a �nite-state homogeneous

Markov chain generating phonological sequences, taking val-
ues in a �nite alphabet S = fsi : i = 1 : : :NSg. De-

�ne a transition matrix � = [�(i; j) : i; j 2 S], where

�(i; j) = P (Sm+1 = jjSm = i), �(i; j) � 0,
P

j2S
�(i; j) = 1,

and assign an initial distribution �1 : S ! [0; 1].

Let T = fTm : m 2 INg be a process representing the du-

rations of the states in S, where each Tm is drawn from a
Poisson distribution with mean �� (Sm) chosen from a family

of duration parameters T = f�� (i) 2 IR : i 2 Sg De�ne also
� = f�m : m 2 INg, where �1 = 1, �m = �m�1+Tm (8m > 0).

To simplify notation, construct a Markovian representation
Z = fZn : n 2 INg of the semi-Markov chain (S; T ), where

Zn takes values in a countable state-space Z = fzit : i 2
S; t 2 INg and de�ne mappings fS : Z ! S, fT : Z ! IN
by fS(z

i
t) = i, fT (z

i
t) = t. Let � and �1 be the transition

matrix and initial distribution for Z such that the processes

(fS(Z�m ); fT (Z�m+1�1)) and (Sm; Tm) are indistinguishable.

Each phonological sequence produced by (S; T ) induces a

statistical distribution of possible target trajectories on an

articulatory space X = IRp, representing abstract motor

commands. The trajectories are assumed to be piecewise-

deterministic, in that the shape of any section of trajectory

corresponding to a particular state is de�ned by parameters

drawn from an associated probability distribution when the
state is entered. The subsequent evolution of the trajectory

is completely determined by these parameters until the next

phonological transition occurs. The shape of each parame-
ter distribution models systematic static/dynamic compen-

satory e�ects in realizing a particular phonological unit.

A previous paper presented a model for piecewise-constant

trajectories, where the distributions modelled variation in

absolute spatial targets. Here we present an extension that

allows for piecewise-polynomial trajectories, where distribu-

tions describe the o�set (position), slope (velocity), etc., with

optional continuity constraints across segment boundaries.



Let U = fUn : n 2 INg be a process representing target tra-
jectories in X . Assume that the sample paths of U consist

of polynomial segments U[�m ;�m+1 ) of order Q, with coe�-
cients drawn from a family of distributions  = f (i; j) :
i 2 S; j = 1 : : :Qg according to the current Markov state

Sm. Suppose for convenience that  (i; j) � N(�u(i; j) 2
IRp;�u(i; j) 2 IRp�p), de�ned by a set of target parameters

U = f(�u(i; j);�u(i; j)) : i 2 S; j = 1 : : :Qg.

To obtain a Markovian representation for U , de�ne processes

U i = fU i
n : n 2 INg : i = 0 : : :Q, 	i = f	i

n : n 2 INg :
i = 1 : : :Q, such that U i records the i'th di�erence of the

target process U � U0, and 	i records changes in the i'th

polynomial coe�cient. These are generated by the recursion

	i
n = IBi(Zn)[�u(fS(Zn); i) + �

1
2
u (fS(Zn); i)V

i
n] + �

1
2

�V
i
n;

U
i
n = IAc

i
(Zn)[U

i
n�1 + U

i+1
n�1] + 	i+1

n ;

where V i = fV i
n : n 2 INg are zero-mean, unit variance

Gaussian i.i.d. processes, �� is a small positive-de�nite noise

covariance, and UQ
n ; U

i
0 � 0. Here IAi ; IBi : Z ! f0; 1g

are indicator functions for sets Ai;Bi � fz 2 Z : fT (z) =
1g which determine the behaviour of the target process at

segment boundaries. States in Ac
i preserve continuity of the

i'th di�erence when a transition occurs, whereas states in Bi

introduce a random jump in U i
n sampled from  (fS(Zn); i).

Let X = fXn : n 2 INg describe the state of an articulatory

model evolving on X , and let Y = fYn : n 2 INg represent

indirect observations of X in a measurement space Y = IRq.
The following model for (X;Y ) is assumed,

Xn =

d�1X
j=1

A(fS(Zn); j)Xn�j + A(fS(Zn); d)Un�1 + Vn;

Yn = h(Xn) +Wn;

with initial state X0 � N(�0 2 IRp;�0 2 IRp�p). Sys-
tem matrices are chosen from a family of system parameters

A = fA(i; j) 2 IRp�p : i 2 S; j = 1 : : : dg,
P

j
A(i; j) = I.

Gaussian i.i.d. noise processes V = fVn : n 2 INg,
W = fWn : n 2 INg represent unmodelled disturbances in X
and Y, independent of Z,U ,X0, with Vn � N(0;�v 2 IRp�p)
Wn � N(0;�w 2 IRq�q). The non-linear function h : X ! Y
represents the articulatory-acoustic mapping, and is assumed

known. This completes the model description.

The use of a semi-Markov process for modelling the underly-

ing phonological sequence is standard [2], and follows a num-

ber of recent proposals for \segment-based" HMMs. Models

with trend functions have been developed previously [3][4];

we note in particular the model described by Russell [5][6],

where prior distributions are placed on the trajectory param-

eters, and the \target-state" model proposed by Digalakis et
al. [7][8], both of which are similar to the U process described

above, which is adapted from [9][10]. Several of the above

proposals have been described as \target models"; however,
in all of these models, the \targets" are essentially refer-

ence templates with some residual variation. The stochastic

target model outlined here is closer to proposals in [11][12],
in that the target trajectory represents an underlying goal

towards which the hidden articulatory state relaxes asymp-
totically, and the dynamics are not reset at state boundaries,

allowing undershoot e�ects and inter-state interaction to oc-

cur. It provides a useful separation between di�erent levels of
phonetic representation, parameterized independently, and

an important distinction is made between sources of system-

atic linguistic variability (S; T; U) and unmodelled surface
noise (V;W ). The remainder of this paper develops the �l-

tering/smoothing recursions needed to calculate estimates of

S; T;U;X from sample paths of Y .

3. State Estimation

The general state estimation problem concerns the calcula-
tion of Ef�kjF

Y
n g for an arbitrary integrable F

X
k -measurable

random variable �k, where the �ltrations F
X = fFX

n : n 2
INg, FY = fFY

n : n 2 INg, G = fGn : n 2 INg are de�ned
by FX

n = �(Zk; U
i
k ;Xk : k � n), FY

n = �(Yk : k � n),

Gn = FX
n V F

Y
n . Adopting the reference-probability ap-

proach proposed by Elliott (e.g. [13]), construct processes
� = f�n : n 2 INg, � = f�n : n 2 INg according to

�n
4
= exp(

1

2
h(Xn)

T��1w h(Xn)� h(Xn)
T��1w Yn);

�n
4
= �k�n�k:

� is a uniformly-integrable G-martingale under P ; de�ne a

new measure P on (
;G1) by setting the restriction of the
Radon-Nikodym derivative dP=dP to Gn equal to �n. The

measures P and P are mutually absolutely continuous, and

invoking a discrete-time version of the Girsanov theorem, it
can be shown that, under P , FX

1 and FY
1 are independent

�-algebras, Y is an i.i.d. Gaussian process with distribution

N(0;�w), and the restrictions of P and P to (
;FX
1) coin-

cide. A reverse measure change de�ned by similar processes

�, �, with �n = 1=�n recovers the original probability mea-

sure P . Furthermore, conditional expectations under P and
P are linked by the Kallianpur-Striebel formula,

Ef�k jF
Y
n g =

Ef�k�njF
Y
n g

Ef�njFY
n g

4
=
�n(�k)

�n(1)
: k � n:

State estimation therefore reduces to calculation of �n(�k),

since �n(1) is a normalizing factor. This is easier than the

original problem since Y is independent under P . Of par-
ticular interest are the forward, backward, and smoothed

unnormalized joint conditional densities �k, �k, and k of

Zk; U
0
k : : : U

Q�1
k ;Xk : : :Xk�d+2, de�ned such that for all in-

tegrable Borel functions �k(Zk; U
0
k : : : U

Q�1
k ;Xk : : :Xk�d+2)

�n(�k) =
X
Z

Z
�k k du0 : : : duQ�1 dx1 : : : dxd�1;

�k(�k) =
X
Z

Z
�k �k du0 : : : duQ�1 dx1 : : : dxd�1;

�k = Ef(�n=�k�1)jF
X
k�1V F

Y
n g:



Observe that, using independence properties under P ,

Ef�k �njF
Y
n g = Ef�k �k+1 �kjF

Y
n g

Ef�k �kjF
Y
k g = EfEf�k �kjF

X
k�1V F

Y
k g�k�1jF

Y
k g

�k = Ef�kEf(�n=�k)jF
X
k V F

Y
n gjF

X
k�1V F

Y
n g

Re-writing each quantity as a function of variables at time

k � 1 or k + 1 using the model equations, we can apply

the independence of the Y process under P to express the
conditional expectations as integrals w.r.t. an appropriate

density, where the observation yk enters only as a constant

parameter. To accomplish this, de�ne for i = 1 : : :Q� 1

Ki(z;u; �1; �2) = (IBi(z)�
1
2
u (fS(z); i) + �

1
2

�)
�1

[u� IAc
i
(z)(�1 + �2)� IBi(z)�u(fS(z); i)];

K0(z;x0 : : : xd�1; �) = �
� 1
2

v [x0 � A(fS(z); 1)x1

: : :� A(fS(z); d� 1)xd�1 � A(fS(z); d)�)]:

Substituting the new variables in the expectations, integrat-
ing over z,u0 : : : uQ�1,x, de�ning �(x) = exp(xTx)=(2�)

p

2 ,

and comparing the result with the original de�nitions of �k,

�k, k demonstrates that the conditional densities satisfy

�k(z; u0 : : : uQ�1; x1 : : : xd�1) =
X
�2Z

�(�; z)

Z
�k(yk; x1)

�(K0(z; x1; : : : ; xd�1; �; �0))

Q�1Y
i=1

�(Ki(z;ui; �i; �i+1))

�k�1(�;�0 : : : �Q�1; x2 : : : xd�1; �) d�0 : : : d�Q�1 d�;

�k(z; u0 : : : uQ�1; x1 : : : xd�1) =
X
�2Z

�(z; �)

Z
�k(yk; �)

�(K0(�; �;x1; : : : ; xd�1; u0))

Q�1Y
i=1

�(Ki(�;�i; ui; ui+1))

�k+1(�;�0 : : : �Q�1; �; x1 : : : xd�2) d�0 : : : d�Q�1 d�;

k(z;u0 : : : uQ�1; x1 : : : xd�1) = �k �k+1:

where �0 is the prior density and �n � 1. The resulting pair

of integral equations de�ne forward-backward recursions for

the unnormalized conditional densities �k, �k, k. In the

case where h(�) is linear, the integral can be calculated ex-

plicitly and the conditional density propagates as a mixture

of Gaussians with an exponentially-growing number of com-

ponents, one for each possible state path through the Markov

chain. In general, the integral must be evaluated numerically,
or approximations introduced. If the measurement function

h(�) is expanded locally at each time step for each compo-

nent in the current mixture as a Taylor series centred on the
previous conditional mean, a linearized approximation can

be developed which performs reasonably in practice. After

considerable manipulation, it is possible to show that this is
in fact equivalent to constructing a tree of extended Kalman

smoothers matched to each sequence of linearized systems

de�ned by the underlying Markov chain. Several propos-
als of this kind have already been investigated extensively in

the target-tracking literature [14], and the algorithm for each
path can be written in the Joseph form of the Bryson-Frazier

two-�lter smoother. The standard details are omitted here.

4. Simulation Results

To illustrate the behaviour of the model and the state-

estimation algorithms, the simulation results presented here
have been carried out on a small corpus of acoustic data, and

the articulatory interpretation of the hidden states is ignored

at present, setting the observation function h(:) to be the
identity mapping. The aim was to examine the data-�tting

capability of the model, and to determine the importance of

the di�erent parameters during estimation; computational
burden precludes a full evaluation at present.

Training and test data, each consisting of 100 hand-labelled

words from a single speaker in the speaker-dependent portion

of the DARPA Resource Management database, were param-
eterized using 12 mel-frequency cepstral coe�cients, calcu-

lated every 10ms using a 15ms Hamming window. Word

models were constructed from phone transcriptions, shar-
ing a set of 47 single-state phone models; each phone was

represented by a second-order linear system with piecewise-

linear target trajectories, with and without continuity con-
straints across boundaries. The models were initialized by

training the target trajectories alone, and then re-trained us-

ing 10 iterations of the EM algorithm; �v and �w were �xed
throughout. Word labels were supplied during training, but

without phone boundaries. During testing, the hidden X

and U trajectories were estimated and compared with the
original data.

Figure 1 shows a typical result for the word \Tuscaloosa's";

Figure 2 shows the same data with continuity imposed on the

U trajectory, but not its slope. The e�ect of allowing a distri-
bution of targets is clear from the two di�erent trajectories

modelling the =s= phone. Imposing continuity constraints

tends to make the U process model the data directly; when
U is free to vary across boundaries it behaves like a true tar-

get, the X process models the dynamics, and the inuence

of the system matrices is more pronounced.

Figure 3 illustrates the e�ect of varying �v for the word
\Arkansas's", and demonstrates the importance of control-

ling this parameter carefully. As �v is increased, the model

interprets more of the signal variation as modelling error,
and does not attempt to �t it using the target process U .

When �v and �w are trained, the e�ect of these parameters

can often swamp the behaviour of the phonetic model. By
adjusting the noise covariances, the model can be made to

ignore a certain amount of global \non-linguistic" variation,

sharpening the target distributions. A key feature of the
model is that it provides a number of mechanisms for �tting

di�erent sources of variation, each of which can be controlled

and examined during training and recognition.



5. Conclusions

The stochastic target model presented in [1] has been ex-

tended to include piecewise-deterministic control trajectories
with continuity constraints. The optimal non-linear �ltering

and smoothing recursions required to estimate the hidden

states of the model from acoustic data have been derived,
and a sub-optimal approximation technique has been out-

lined. Preliminary data-�tting experiments indicate that the

model is capable of accounting for coarticulation across and
within phone boundaries, and makes use of a number of dif-

ferent mechanisms for modelling possible sources of variabil-

ity. Future work will compare the performance of the model
on articulatory and acoustic recognition tasks.
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Figure 1: \Tuscaloosa's" : without continuity constraint.
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Figure 2: \Tuscaloosa's" : with continuity constraint.

10 20 30 40 50 60
−4

−2

0

....... Data;    − − − X;    −−−−− U

10 20 30 40 50 60
−4

−2

0

10 20 30 40 50 60
−4

−2

0

Frame Index

SV
=0

.0
00

1
SV

=0
.0

1
SV

=1
.0

Figure 3: E�ect of �v on state estimation.


